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Abstract

This paper provides a performance analysis of the delta low-
pass filterbank used in Unconstrained Motion Compensated
Temporal Filtering (UMCTF) of video frames. Any wave-
let filterbank for which a two-step (one prediction and one
update) lifting implementation exists has a delta low-pass fil-
ter variant, where the modification consists of not perform-
ing the update step. Benefits of using such filters are better
temporal scalability performance and lower decoding delay.
Here it is argued that in that case the normalisation factor for
the high-pass subband needs to be carefully selected in or-
der to improve the compression performance. For the case
of Haar wavelet with delta low-pass filter the expression for
the Riesz bounds is derived and the measure of the expected
difference of energies in signal and transform domain is intro-
duced. Then, the normalisation factor is optimised in respect
to the minimal Riesz bounds ratio and minimal expected dif-
ference. The application of optimised filterbank with delta
low-pass in a scalable video environment shows enhanced de-
coding performance on a wide range of bit-rates and lower
temporal resolutions.

1 Introduction

Research on scalable video coding has resulted in efficient
frameworks [1, 2] using combinations of spatio-temporal tra-
nsform techniques and embedded entropy coding. All these
frameworks consist of Motion Compensated Temporal Filter-
ing (MCTF) and spatial wavelet transform (2D-DWT), pro-
ducing a set of spatio-temporal subbands. The multiresolu-
tion structure resulting from the temporal and spatial wavelet
transforms naturally leads to temporal and spatial resolution
scalability. This is followed by a 2D or 3D embedded cod-
ing scheme enabling a fine granular quality scalability on all
processed spatial and temporal resolutions. While the conven-
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tional hybrid coding systems (e.g.MPEG-4) use the closed-
loop schemes, which imply prediction based on previously
quantised samples, the coding systems employing MCTF are
open-loop, where the subbands are independently encoded
in a progressive fashion. When used in a quality scalability
setting, the main drawback of the conventional closed-loop
schemes becomes the frame-to-frame dependent quantisation
structure, as the optimal bit allocation problem can become
too complex.

In the early work on 3D wavelet-based scalable video cod-
ing, the wavelet transform in the temporal direction has been
performed either without [3] or with [4] motion-compensated
prediction. Although these 3D wavelet based methods did not
yield high coding gains compared to the algorithms that use
inter-frame motion-compensated prediction techniques, they
provided a framework for highly scalable video coding. In
the subsequent improvement of MCTF, the motion compen-
sation was incorporated into the temporal wavelet transform,
thus improving both coding gain and visual quality. By in-
terleaving the temporal lifting steps with spatial interpolation
in the MCTF, it is possible to perform compensation of any
precision while maintaining the prefect reconstruction prop-
erty [1]. A highly flexible variant of MCTF was introduced
in [5], called Unconstrained MCTF (UMCTF). In a contrast
to MCTF, in UMCTF the selection of the temporal filter is
adaptive, and depends on the video contents and transmis-
sion delay requirements. For example, for a highly correlated
sequences with low motion activity a filtering with longer
wavelets can yield increased coding gain. However, the mo-
tion compensation process cannot always capture the motion
correctly, e.g. in the cases of complex and irregular motion,
or in presence of fast scene changes. In those cases a poor
prediction is obtained and the overall compression is of lower
efficiency. This also introduces visually unpleasant artifacts
in the low-pass filtered frames, as some areas contain the re-
sult of filtering over poorly matched areas in neighbouring
frames. These artifacts are relevant for temporal scalability,
where only the temporal low-pass frames on a required level
of temporal decomposition are decoded. When dyadic tem-
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Fig. 1. Frame areas and corresponding filters

poral decomposition is used, this enables extraction and de-
coding of a range of frame rates that are in the powers of two
relation. Then ideally the lower frame rate sequence should
be a downsampled original with temporal aliasing suppressed,
what is hardly achievable when the motion is incorrectly cap-
tured. Several approaches exist for reducing such artifacts,
which can be classified accordingly to the applied tempo-
ral filter length. Regarding the employed filterbank, motion-
compensated areas of video frames can be classified into three
groups:

• using filterbank with non-delta low-pass, for instance the
Haar2/2 filterbank or the LeGall5/3 filterbank;

• using filterbank with delta low-pass, which is effectively
1/g for filterbank with high-pass filter ofg > 1 taps. This
is equivalent to disabling the update step. The delta low-
pass filterbanks are beneficial for avoiding artifacts related
to the temporal averaging,e.g., temporal blurring and mis-
matched frame areas, and also for lowering the decoding
delay;

• introduction of intra areas in the high-pass frames, which
is effectively lazy wavelet or1/1 “filterbank”. Intra ar-
eas are utilised because some areas in the reference frame
cannot be matched in the neighbouring frames, due to oc-
clusions or fast motion. These areas are then declared as
isolated and are not temporally filtered.

These cases are depicted on Fig. 1 where different blocks of
frameFi are compensated using various filters. These three
filters can be used globally for the whole frames, or can be
chosen adaptively according to the content, where the optimal
one of the three is chosen for each frame area. In this paper
the focus is on the second case, for which the optimised nor-
malisation coefficients for the equivalent filterbank is derived,
with respect to the desired wavelet properties and decoding
distortion.

2 Delta low-pass wavelet filterbank

If a signal is split into two parts,xk andyk, comprising even
and odd samples, respectively, one can write the general lift-
ing steps for a filterbank with maximum filter length of2 as:

y′k = yk + cx · xk

x′k = xk + cy · y′k
x′′k = Kx · x′k
y′′k = Ky · y′k,

(1)

where the coefficientscy andcx determine the filter support
and type, whileKy and Kx are the normalisation factors.
The signalsx′′ andy′′ are the wavelet transform coefficients,
where the type of subband they represent depends on the cho-
ice of cx andcy. For the orthonormal Haar wavelet, where
y′′ are the high-pass coefficients and coefficientsx′′ are the
low-pass:

{Kx,Ky, cx, cy} =
{√

2,
1√
2
,−1,

1
2

}
. (2)

Then the first lifting step in (1) is the prediction step, and
second is the update step. The coefficientcy for the Haar
wavelet with delta low-pass filter equals zero, implying that
the update step is omitted. Obviously, that filterbank is not
orthogonal, since generallyET 6= E, whereET is the energy
in the wavelet (transform) domain, andE the actual signal
energy. For the normalisation factorKx the same value as in
the Haar wavelet is chosen, so as to ensure the same DC gain
for the case of temporal filtering with adaptive choice of filter.
However, since only the ratio between normalisation factors
Kx/Ky determine the performance of the quantisation,Kx

can be set to any constant and optimisation performed with
respect toKy only.

For the filterbank with delta low-pass filtercy = 0 is set.
With this the orthogonality of the filterbank is lost,e.g., gen-
erallyET 6= E, whereET is the energy in the wavelet (trans-
form) domain, andE the signal energy. The same normalisa-
tion factorKx as in Haar wavelet is used, so that the low-pass
temporal frame is globally normalised with the same factor
in a case of adaptive temporal filtering. Also, only in that
case whenxk = yk alsoET = E, meaning that the energy
of DC component is preserved. However, since only the ra-
tio between normalisation factorsKx/Ky determine the per-
formance of quantisation,Kx can be set to any constant and
perform optimisation with respect toKy only.

In terms of temporal filtering the samples of the signal as
analysed here relate to pixels of consecutive frames. Here odd
samples belong to the compensated frames, while even sam-
ples represent pixels from reference frames, spatially shifted
relatively to the pixels in odd frames as defined by motion
vectors. In a case of sub-pixel accurate motion vectors, the
interpolation is applied on reference frame prior to the predic-
tion step. As it considerably complicates the analysis, in the
following it was not taken into account. Also, the reported ex-



periments were performed with integer precision motion esti-
mation only.

3 Analysis

Orthogonality of a filterbank can be defined as how close the
observed filterbank is to being orthogonal. Orthogonality has
been recognised as a crucial property of the wavelet regard-
ing its compression performance [6]. Several measures for
orthogonality have been proposed, each of them tailored to a
particular application. In [6] it is argued that the orthogonality
measures based on energy preservation are the most relevant
for applications related to signal approximation and compres-
sion. In this work the same approach is adopted. This can be
interpreted in a way that the energy of a wavelet coefficient
needs to be as close as possible to the energy it represents in
the signal domain. Due to the linearity of the transform the
same holds for the error signals, thus the orthogonality is de-
cisive for estimation of the signal domain error that is done in
the rate-distortion algorithm of the encoder. The variation of
the difference between energies in transform and signal do-
main can be expressed with the Riesz bounds [6]. The Riesz
bounds are defined as two valuesA andB, for which:

A · ET ≤ E ≤ B · ET , (3)

so that for the orthonormal filterbankA = B = 1, while the
ratio of the bounds for non-orthogonal filterbanks isB/A >
1. If employed as a measure of orthogonality the task of opti-
mising the wavelet coefficients becomes the task of minimis-
ing its B/A ratio. To simplify the notation in the following
analysis, it is definedx = xk, y = yk, xT = x′k, yT = y′k
andη = Ky, so that (1) and the energy relations for the delta
low-pass filterbank can be written as:

E = x2 + y2

yT = η · (y − x) ,

xT =
√

2x,

ET = x2
T + y2

T = 2x2 + η2 · (y − x)2.

(4)

Basically, the goal here is to determine whetherηopt = ηHaar,
whereηHaar denotes the high-pass normalisation coefficient
as used for the Haar wavelet,ηHaar = 1/

√
2, and withηopt

the optimal high-pass normalisation factor for the delta low-
pass filterbank. Temporally adjacent pixels,x andy, can be
regarded as observation pairs of zero-mean random variables
in the rangex, y ∈ [−M/2,M/2]. The optimisation problem
now can be formulated as:

ηR
opt = arg min

η
ρ = arg min

η

maxx,y
ET
E

minx,y
ET
E

, (5)

whereηR
opt is the optimal normalisation factor for the high-

pass subband, with respect to the Riesz bounds ratio. By ob-
serving that the ratioET /E depends on thex/y ratio only,
and by converting to the polar coordinates(x, y) → (r, θ),

one can derive:
θmin = arg min

θ
ET /E,

θmax = arg max
θ

ET /E.

Using this, the Riesz bounds in (5) become:

ρ =
maxθ

ET
E

minθ
ET
E

=
1 + η2 + 1+η4√

1+η4

1 + η2 − 1+η4√
1+η4

. (6)

Differentiating (6) w.r.tη for solving (5) leads toηR
opt = 1,

andB/A = 3 + 2
√

2.
Observe that this is the optimal solution in the sense of

reducing the maximum range of wavelet domain energy vari-
ation. Therefore a measure for the expected energy difference
is introduced here:

Ē∆ = E
[∣∣γ2 · E − ET

∣∣] ,

whereγ = Kx ·Ky is the total scaling factor of the filterbank.
Now the task of minimising the averaged energy difference is
ηE
opt = arg minη Ē∆. Using (4),Ē∆ can be written as:

Ē∆ =
∫∫ M/2

−M/2

∣∣∣(x + y)2 η2 − 2x2
∣∣∣ p(x, y)dxdy, (7)

wherep(x, y) is the joint probability distribution ofx andy.
If it is assumed thatx andy are uncorrelated,i.e., p(x, y) =
1/M2, thenηE

opt = ηHaar = 1/
√

2. It can be also shown
that the same result is obtained for the case wherep(x, y) is a
bivariate normal distribution, which is more realistic ifx and
y are correlated since they represent motion aligned pixels
from neighbouring frames in video. It can be also verified that
for {cx, cy} =

{
−1, 1

2

}
this method givesKx = 1/Ky =√

2, i.e., it yields the Haar wavelet. Interestingly, for lazy
wavelet, where{cx, cy} = {0, 0}, it givesKx = Ky, i.e., the
logical result of same normalisation factor for both subbands.

Lastly, the distribution of the quantisation energy in the
reconstructed signal domain is considered. The wavelet co-
efficients are quantised with quantisation stepq, which if is
small enough ensures that quantisation error signals in low-
pass and high-pass subbands are practically uncorrelated. In
tha case, it can be written:

Eqx
= q2/24

Eqy
= Eqx

+ q2/12η2,

whereEqx
andEqy

are quantisation error energies in the re-
constructed even and odd frames, respectively. Error energies
are directly related to any additive measure of distortion that
measures overall distortion of the sequence, here the mean
square error (MSE) is used. It can be seen thatEqx < Eqy ,
and that by increasingη a more uniform distribution of error
energy between frames can be achieved. If the error energy is
expressed as a function ofη, it can be written:

Eqx
(η2) = Eqx

(η1) + ∆Eqx

Eqy
(η2) = Eqy

(η1)−∆Eqy
,



Table 1. Decoding results for coding with different normal-
isation factorsη and Haar (“Foreman”, CIF, 30 fps, first 8
frames);PSNRY [dB]

bit rate 128 kpbs 512 kpbs 768 kpbs 1 Mbps 8 Mbps

ηHaar 26.93 32.91 33.69 34.00 45.68

ηR
opt 26.95 32.90 33.67 34.07 46.76

ηq
opt 26.96 32.93 33.68 34.25 46.85

Haar 27.01 33.23 33.97 34.30 46.56

where∆Eqx and∆Eqy are the positive values correspond-
ing to the energy difference caused by usingη2 instead ofη1.
It can be seen thatη2 can be increased as long as∆Eqy

−
∆Eqx

> 0 so that improvement in the overallMSE can be
achieved. Generally, the value ofηq

opt, defined as the optimal
η with respect to the minimisation of reconstruction distor-
tion, will depend on the rate-distortion curve of a particular
sequence. For various sequences on a large range of bit rates
η =

√
2 was found to perform well, soηq

opt =
√

2 was used
in the experiments.

4 Results

The rate-distortion performance of delta low-pass filterbank
have been tested in a scalable video codec [7]. The evaluation
has been carried out for the application ofηHaar, ηR

opt and
ηq
opt as factors for normalisation of the high-pass subband.

For a comparison, the results are obtained also for the appli-
cation of Haar filter. The results, presented in Table 1, have
been conducted for the MPEG test sequences ”Foreman” of
CIF (352 × 288) resolution and 30 fps frame rate. Due to
the different distribution of quantisation error for differentη,
the PSNR can vary dramatically between the reconstructed
even and odd frames,e.g., it can vary up to 5 dB for high
bit rates and lowη. For this reason the overall PSNR has
been computed from the average MSE of the sequence, and
not by averaging the PSNR, which is not an additive measure.
This provides a more correct estimation of the average error
in the sequence when the variance of error energy across the
frames is large. The application of Haar wavelet outperforms
the delta low-pass filterbank on all bit rates. However, the in-
troduction of the optimised normalisation factor in respect to
the error energy differenceηq

opt improves the performance of
delta low-pass filter on almost all bit rates when compared to
otherη. The results for temporal scalability (30 fps→ 15 fps)
are presented in Table 2. The delta low-pass filterbanks here
significantly outperform Haar wavelet on all bit rates. As the
reference sequence is given by subsampling of the original
one, the PSNR performance of the Haar wavelet saturates at
high bit rates and is around 40 dB, while for the delta low-pass
filterbanks a near-lossless performance can be measured.

Table 2. Decoding results for temporal scalability 30 fps→
15 fps;PSNRY [dB]

bit rate 128 kpbs 384 kpbs 640 kpbs 1 Mbps 4 Mbps

delta lp. 27.30 32.19 34.52 36.27 48.13

Haar 27.15 31.65 33.59 34.76 39.48

5 Conclusion

In this paper the optimal normalisation coefficients for delta
low-pass filterbank have been derived for the application in
wavelet-based video coding. Two approaches have been ana-
lysed: reduction of the range of wavelet domain energy varia-
tion and the minimisation of the variation of error energy be-
tween low-pass and high-pass frames, resulting in normalisa-
tion coefficientsηR

opt = 1 andηq
opt =

√
2, respectively. It has

been shown that both cases introduce gain in scalable video
coding. In the future work, performance using rate-distortion
optimisation between high-pass and low-pass temporal sub-
bands will be analysed, what can be regarded as normalisa-
tion with varyingη. Also the performance of the optimised
delta low-pass filterbanks in content adaptive UMCTF will
be investigated.
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